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THE MULTIPLIER GROUP OF A QUASIPERIODIC FLOW
LENNARD F. BAKKER
Abstract. As an absolute invariant of smooth conjugacy, the multiplier group
described the types of space-time symmetries that the flow has, and for a
quasiperiodic flow on the n-torus, is the determining factor of the structure of
its generalized symmetry group. It is conjectured that a quasiperiodic flow is
F -algebraic if and only if its multiplier group is a finite index subgroup of the
group of units in the ring of integers of a real algebraic number field F , and
that a quasiperiodic flow is transcendental if and only if its multiplier group
is {1,−1}. These two conjectures are partially validated for n ≥ 2, and fully
validated for n = 2.
1. Introduction
The multiplier group of a flow emerged during a systematic use of group (repre-
sentation) theory in a recent study of space-time symmetries of flows more general
than symmetries and reversing symmetries by Conner and the author in [5], the kind
of study suggested not long ago by Lamb and Roberts (p.25 [11]). As a representa-
tion of the generalized symmetry group of a flow, the multiplier group describes the
types of generalized space-time symmetries that a flow possesses. The generalized
symmetry group of a smooth (i.e. C∞) flow φ : R × P → P on a smooth manifold
P without boundary is
Sφ = {R ∈ Diff(P ) : there is α ∈ R∗ for which R∗Xφ = αXφ},
where Diff(P ) is the group of smooth diffeomorphisms of P , R∗ = R \ {0} is the
multiplicative real group, Xφ(p) = (d/dt)φ(t, p)|t=0 for p ∈ P is the vector field
generated by φ, and R∗Xφ = TRXφR
−1 is the push-forward of Xφ by R in which
TR is the derivative map of R. A one-dimensional linear representation of Sφ is
the homomorphism ρφ : Sφ → R∗ which takes each generalized symmetry R ∈ Sφ
to its unique multiplier α = ρφ(R) that appears in R∗Xφ = αXφ. The type of a
generalized symmetry is determined by its multiplier: an R ∈ Sφ is a symmetry
if ρφ(R) = 1, a reversing symmetry if ρφ(R) = −1, and a more general type of
space-time symmetry if ρφ(R) 6= ±1. The multiplier group of φ is
Mφ = ρφ(Sφ).
The generalized symmetry group and its representation, the multiplier group,
are incomplete invariants of two equivalence relations on flows on P . They are
absolute invariants of scale equivalence in that if a flow φ on P is scale equivalent
to a flow ψ on P , i.e. there is a ϑ ∈ R∗ such that ϑXφ = Xψ, then Sφ = Sψ and
Mφ = Mψ. (The proof of this invariance is straightforward.) The multiplier group
is an absolute invariant of smooth conjugacy in that if φ is smoothly conjugate to
ψ, i.e. there is a V ∈ Diff(P ) such that V∗Xφ = Xψ, then Mφ =Mψ (Theorem 4.2
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in [5]). However, the generalized symmetry group is a relative invariant of smooth
conjugacy in that if φ is smoothly conjugate to ψ, then Sφ and Sψ are conjugate
subgroups of Diff(P ) (Theorem 4.1 in [5]).
Although the exact role of the multiplier group in the structure of the generalized
symmetry group is not known for an arbitrary flow, it is known for a quasiperiodic
flow. Recall that a flow φ on the n-torus, T n = Rn/Zn, n ≥ 2, is quasiperiodic
if there is a V ∈ Diff(T n) such that V∗Xφ is a constant vector field whose n real
components, or frequencies, are independent over Q (pp.79-80 in [6]). If a flow φ on
T n is quasiperiodic, then there is a subgroup Hφ of Sφ isomorphic to Mφ for which
Sφ is the semidirect product of the normal subgroup ρ
−1
φ ({1}) by the subgroup Hφ,
corresponding to the conjugating homomorphism Γ : Hφ → Aut
(
ρ−1φ ({1})
)
defined
by Γ(h)(g) = hgh−1 for g ∈ ρ−1φ ({1}) and h ∈ Hφ (Theorem 5.5 in [2]); in symbols
this semidirect product structure is written
Sφ = ρ
−1
φ ({1})⋊Γ Hφ.
The factor ρ−1φ ({1}) is the group of symmetries of φ, and is the group of translations
on T n whenever φ is quasiperiodic, which group of translations is isomorphic to T n
(Corollary 4.7 in [2]). The multiplier group is therefore the determining factor of
the structure of the generalized symmetry group of a quasiperiodic flow.
The nature of the multiplier group of a quasiperiodic flow was conjectured by
the author in [3] to be one of two possible kinds. Depending on the frequencies of a
quasiperiodic flow φ on T n, the multiplier group is a finitely generated group that
is either isomorphic to Z2, or is isomorphic to Z2 × Z× · · · × Z, where the number
of factors of Z is a positive integer no bigger than n − 1. The exact statements
describing the two conjectured possible kinds of multiplier groups for quasiperiodic
flows are developed in Section 2. The correction of the relationship between smooth
semiconjugacy of quasiperiodic flows which was stated incorrectly in [4] is given and
followed by a partial validation of the these conjectures for quasiperiodic flows on
T n for all n ≥ 2 in Section 3. Full validation of these conjectures for quasiperiodic
flows on T 2 is given in Section 4. Throughout the paper, examples are given to
illustrate the ideas, theory, and the alluded to correction.
2. Two Conjectures
Several necessary conditions are imposed on the multiplier group by quasiperiod-
icity. In view of the definition of quasiperiodicity and the absolute invariance of the
multiplier group under smooth conjugacy, it is assumed without loss of generality
in the sequel, that all quasiperiodic flows are generated by constant vector fields:
Xφ =
n∑
i=1
ai
∂
∂θi
,
where ai ∈ R and (θ1, . . . , θn) are global coordinates on T n. The analysis of the
multiplier group of a quasiperiodic flow reduces to problems in linear algebra since
R∗Xφ = αXφ becomes TRXφ = αXφ. One necessary condition then is that
Mφ ∩Q = {1,−1}
(Corollary 4.4 in [2]). Another is that each α ∈ Mφ is a real algebraic integer of
degree at most n, i.e. a real root of a monic polynomial of degree at most n in the
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polynomial ring Z[z] (Corollary 4.4 in [2]). A third is that for each α ∈Mφ there is
a unique B = (bij) ∈ GL(n,Z) such that
α =
n∑
j=1
bij
aj
ai
, for all i = 1, . . . , n,
(Corollary 4.5 in [2]) where GL(n,Z) is the group of n × n matrices with integers
entries and determinant±1. This necessary condition is equivalent toTRXφ = αXφ
with TR = B and α = ρφ(R), and states that each generalized symmetry of a
quasiperiodic flow (generated by a constant vector field) is induced by a GL(n,Z)
matrix plus a translation on T n.
These necessary conditions are part of a connection between the group of units
in the ring of integers of a real algebraic number field and the multiplier group of
a quasiperiodic flow. A real algebraic number field F of degree n is a subfield of R
that is a n-dimensional vector space over Q. A Q-basis for a real algebraic number
field F is a set of n linearly independent elements of F . A realization of a real
algebraic number field F of degree n over Q is as a simple field extension of Q by a
real root δ of an irreducible polynomial of degree n in Q[z]. Written as F = Q(δ),
this simple extension is the smallest subfield of R that contains Q ∪ {δ}. A known
Q-basis for F = Q(δ) of degree n over Q is {1, δ, . . . , δn−1}.
Definition 2.1. Let F be a real algebraic number field of degree n over Q. A
quasiperiodic flow φ on T n is called F -algebraic if there is a ϑ ∈ R∗ such that
{ϑa1, . . . , ϑan}, the components of ϑXφ, form a Q-basis for F .
By the absolute invariance of the multiplier group under scale equivalence, the
multiplier group of the flow generated by ϑXφ for ϑ ∈ R∗ is the same as that of φ.
Associated to a real algebraic number field F is its ring of integers, oF , which is the
set of real algebraic integers in F , and has the structure of a Z-module. Associated
to oF is its group of units,
o
∗
F = {β ∈ oF \ {0} | β−1 ∈ oF }.
By Dirichlet’s Unit Theorem (see p.21 in [12]), this group of units is a finitely
generated group isomorphic to Z2 × Z× · · · × Z in which the number of factors of
Z is r1 + r2 − 1 where r1 is the number of embeddings of F into R and 2r2 is the
number of embeddings of F into C. (Note that r1 + r2 − 1 is no bigger than n− 1
since r1 + 2r2 = n, the degree of F over Q.) If a quasiperiodic flow φ on T
n is
F -algebraic, then Mφ ⊂ o∗F (Theorem 3.4 in [3]). In conjunction with the necessary
condition Mφ ∩Q = {1,−1}, it follows that
{1,−1} ⊂Mφ ⊂ o∗F
for any quasiperiodic flow φ that is F -algebraic. Since o∗F is finitely generated, every
subgroup of o∗F is finitely generated (Corollary 1.7, p.74 in [9]). Not every subgroup
G of o∗F that contains {1,−1} has finite index, where the index of a subgroup G
of o∗F is the order of o
∗
F /G and is written [o
∗
F : G]. The subgroup {1,−1}, which
is isomorphic to Z2, is an infinite index subgroup of o
∗
F . However, if Mφ is a finite
index subgroup of o∗F , thenMφ is isomorphic to o
∗
F , in which caseMφ is isomorphic
to Z2 × Z× · · · × Z with r1 + r2 − 1 ≤ n− 1 factors of Z.
The “upper bound” o∗F for the multiplier group of an F -algebraic quasiperiodic
flow φ is sharp. If the components of Xφ (or some nonzero scalar multiple of them)
form a Z-basis for oF , then Mφ = o
∗
F (Theorem 3.8 in [3]). Another possibility for
Mφ when φ is a quasiperiodic flow that is F -algebraic is illustrated next.
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Example 2.2. Let ψ be the flow on T 3 with generating vector field
Xψ =
∂
∂θ1
+ 3(21/3)
∂
∂θ2
− 3(22/3) ∂
∂θ3
.
Let F = Q(21/3) where 21/3 is the real root of the irreducible z3 − 2 in Q[z]. One
Q-basis for F is {1, 21/3, 22/3}. Another Q-basis for F is {1, 3(21/3),−3(22/3)} since
this set is related to the firstQ-basis by a GL(3,Q) matrix. Thus φ is a quasiperiodic
flow that is F -algebraic. The R ∈ Diff(T 3) induced by the GL(3,Z) matrix
B =

 1 1 1−18 1 −3
−18 6 1


is in Sψ with ρψ(R) = 1 + 3(2
1/3)− 3(22/3). The group of units in oF is
o
∗
F = {±(−1 + 21/3)k : k ∈ Z} ∼= Z2 × Z
(see p.201 in [8]). Notice that ρψ(R) = (−1 + 21/3)3. Since by the third necessary
condition on Mψ, there are for each α ∈Mψ integers c11, c12, c13 such that
α = c11 + 3(2
1/3)c12 − 3(22/3)c13,
it follows that neither −1 + 21/3 nor (−1 + 21/3)2 = 1 − 2(21/3) + 22/3 belongs to
Mψ. Therefore, Mψ = {±(−1 + 21/3)3k : k ∈ Z} ∼= Z2 × Z with [o∗F :Mψ] = 3.
This example and others (Example 4.9 in [2] and Example 3.5 in [3]) suggest that
the F -algebraicity of a quasiperiodic flow ψ and the finiteness of the index of Mψ
as a subgroup of o∗F are closely related. Indeed, the F -algebraicity of ψ appears to
be a sufficient condition for the existence of multipliers of ψ other than ±1 in the
sense that Mψ is a finite index subgroup of o
∗
F . On the other hand, the finiteness of
the index ofMψ as a subgroup of o
∗
F appears to imply the F -algebraicity of ψ. This
close relation leads to the first conjecture about the possibilities for the multiplier
group of a quasiperiodic flow.
Conjecture 2.3. A quasiperiodic flow ψ is F -algebraic if and only if Mψ is a finite
index subgroup of o∗F
The collection of quasiperiodic flows on T n divides into two broad classes: those
that are F -algebraic for some real algebraic number field F of degree n over Q (the
algebraic class of quasiperiodic flows), and those that are not.
Definition 2.4. A quasiperiodic flow ψ on T n is called transcendental if ψ is not
F -algebraic for any real algebraic number field F of degree n over Q.
The second class of quasiperiodic flows on T n consists of those that are transcenden-
tal, and is called the transcendental class. The multiplier group of a quasiperiodic
flow in this class always contains {1,−1} by the first necessary condition on the
multiplier group. The question is whether the multiplier group of a transcenden-
tal flow contains more than {1,−1}. A possibility for the multiplier group of a
quasiperiodic flow that is transcendental is illustrated next.
Example 2.5. Let ψ be the flow on T 3 with generating vector field
Xψ =
∂
∂θ1
+ pi
∂
∂θ2
+ pi2
∂
∂θ3
.
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If ψ were not quasiperiodic, then there would be u1, u2, u3 ∈ Q, not all zero, such
that
u1 + u2pi + u3pi
2 = 0.
Since either u2 6= 0 or u3 6= 0, it follows that pi would be a root of a nonconstant
polynomial in Q[z] of degree at most 3, and hence that pi would be algebraic. But
this contradicts that pi is transcendental. So ψ is quasiperiodic. Suppose that ψ
is F -algebraic for an F = Q(δ) of degree 3 over Q. Then there is a ϑ ∈ R∗ such
that {ϑ, ϑpi, ϑpi2} is a Q-basis for F . Since F is a field and ϑ 6= 0, then ϑpi/ϑ = pi
is in F . But every element of F is algebraic (Theorem 4.9, p.50 in [10]). This
contradiction shows that ψ is transcendental. Suppose that Mψ 6= {1,−1}, and let
α ∈Mψ\{1,−1}. By the third necessary condition onMψ, there are c11, c12, c13 ∈ Z
such that
α = c11 + c12pi + c13pi
2.
If c12 = 0 and c13 = 0, then α = ±1 since Mψ ∩Q = {1,−1}. Hence either c12 6= 0
or c13 6= 0. By the second necessary condition on Mψ, there is a monic polynomial
l(z) in Z[z] of degree at most 3 such that l(α) = 0. This means that pi is a root of
a nonconstant polynomial in Q[z] of degree at most 6, again a contradiction to pi
being transcendental. Therefore, Mψ = {1,−1}.
This example and another (Example 2.2 in [1]) suggest that the transcendentality
of a quasiperiodic flow ψ and Mψ = {1,−1} are closely related. Indeed, transcen-
dentality of ψ appears to prevent the existence of multipliers other than ±1. On
the other hand, the lack of existence of multipliers of ψ other than ±1 appears to
imply the transcendentality of ψ. It is this close relation that leads to the second
conjecture about the possibilities for the multiplier group of a quasiperiodic flow.
Conjecture 2.6. A quasiperiodic flow ψ is transcendental if and only if Mψ =
{1,−1}.
The two conjectures together assert that the multiplier group, as an absolute
invariant of smooth conjugacy, distinguishes the algebraic class of quasiperiodic
flows from the transcendental class of quasiperiodic flows. They together assert a
characterization of those quasiperiodic flows which have multipliers other than ±1
and those which only have ±1 as multipliers, and hence they assert a complete
catalogue for the determining factor in the structure of the generalized symmetry
group for quasiperiodic flows.
3. Partial Validity of Conjectures on T n
It will be shown for a quasiperiodic flow ψ on T n, n ≥ 2, that F -algebraicity of
ψ implies Mψ is a finite index subgroup of o
∗
F , and that Mψ = {1,−1} implies the
transcendentality of ψ. The relation of smooth semiconjugacy will play a key role
in the proof. Recall that, in general, a flow φ on P is smoothly semiconjugate to
a flow ψ on P if there is a surjective V ∈ C∞(P ) such that TV Xφ = XψV . For
a quasiperiodic flow φ generated by a constant vector field on T n to be smoothly
semiconjugate to another flow ψ generated by a constant vector on T n requires that
the surjective V ∈ C∞(T n) satisfying TV Xφ = Xψ be induced by a GL(n,Q) ∩
M(n,Z) matrix plus a translation on T n (Lemma 2.4 in [4]), where M(n,Z) is the
set of n× n matrices with integer entries. It was originally stated by the author as
Theorem 3.5 in [4] that Mψ should be a finite index subgroup of Mφ whenever φ
was an F -algebraic quasiperiodic flow that was smoothly semiconjugate to a flow ψ
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on T n generated by a constant vector field. However this is incorrect as illustrated
next.
Example 3.1. Let F = Q(
√
3). Then o∗F = {±(2 +
√
3)k : k ∈ Z} (p.106 in [7]).
Let φ and ψ be F -algebraic quasiperiodic flows on T 2 with generating vector fields
Xφ =
∂
∂θ1
+ 4
√
3
∂
∂θ2
and Xψ = 4
∂
∂θ1
+ 60
√
3
∂
∂θ2
.
The surjective V ∈ C∞(T 2) induced by the GL(2,Q) ∩M(2,Z) matrix[
4 0
0 15
]
satisfies TV Xφ = Xψ; thus φ is smoothly semiconjugate to ψ. The R ∈ Diff(T 2)
induced by the GL(2,Z) matrix [
7 1
48 7
]
satisfies R∗Xφ = (2 +
√
3)2Xφ. By the third necessary condition on the multiplier
group of a quasiperiodic flow, there is for each α ∈ Mφ two integers c11 and c12
such that α = c11+4
√
3c12. This implies that 2+
√
3 6∈Mφ, so that [o∗F :Mφ] = 2.
The Q ∈ Diff(T 2) induced by the GL(2,Z) matrix[
26 1
675 26
]
satisfies Q∗Xψ = (2 +
√
3)3Xψ. By the third necessary condition on the multiplier
group of a quasiperiodic flow, there is for each α ∈ Mψ two integers c11 and c12
such that α = c11 + 15
√
3c12. This implies that 2 +
√
3 and (2 +
√
3)2 = 7 + 4
√
3
are not in Mψ, so that [o
∗
F :Mψ] = 3. Since (2 +
√
3)3 ∈Mψ but (2 +
√
3)3 6∈Mφ,
it follows that Mψ 6⊂Mφ.
This counterexample shows that smooth semiconjugacy from a quasiperiodic flow
φ to a flow ψ generated by a constant vector field (i.e. TV Xφ = Xψ) is not sufficient
to guarantee that Mψ ⊂ Mφ. (Therefore, Theorem 3.1 and Corollary 3.2 in [4] are
false.) The correction of Theorem 3.5 in [4] (along with Corollaries 3.4 and 3.6 in
[4]) is achieved by including in the hypotheses the condition that Mψ ⊂Mφ.
Theorem 3.2. If φ is an F -algebraic quasiperiodic flow on T n, ψ is a flow on
T n generated by a constant vector field, φ is smoothly semiconjugate to ψ, and
Mψ ⊂ Mφ, then ψ is an F -algebraic quasiperiodic flow and Mψ is a finite index
subgroup of Mφ.
Proof. A key element, Theorem 3.3 in [4], is correct without the extra hypothesis.
It states that if V a smooth semiconjugacy from a quasiperiodic flow φ on T n to a
flow ψ generated by a constant vector field on T n, then for each R ∈ Sφ there exists
k ∈ Z+ and Q ∈ Sψ such that QV = V Rk and ρψ(Q) = [ρφ(R)]k. A consequence
of this key element (Corollary 3.4 in [4]) is corrected by adding Mψ ⊂ Mψ to its
hypotheses. Its correction states that if φ is a quasiperiodic flow on T n that is
smoothly semiconjugate to a flow ψ on T n generated by a constant vector field, Mφ
is finitely generated, andMψ ⊂Mφ, thenMψ is a finite index subgroup ofMφ. The
hypothesis that the quasiperiodic flow φ be F -algebraic implies that Mφ is finitely
generated since Mφ ⊂ o∗F and o∗F is finitely generated. Thus, the addition of the
extra hypothesis of Mψ ⊂ Mφ to Theorem 3.5 in [4] achieves the correction. The
F -algebraic quasiperiodicity of ψ follows directly from Theorem 2.5 in [4]. 
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The idea behind proving that F -algebraicity of a quasiperiodic flow ψ implies
Mψ is a finite index subgroup of o
∗
F is to compare a quasiperiodic flow φ with a
known multiplier group via smooth semiconjugacy to a flow scale equivalent to ψ.
Theorem 3.3. If a quasiperiodic flow ψ is F -algebraic, then Mψ is a finite index
subgroup of o∗F .
Proof. By absolute invariance of the multiplier group under scale equivalence, it is
assumed without loss of generality that the components of
Xψ =
n∑
i=1
di
∂
∂θi
form a Q-basis for F . Since each di is in F , there is a nonzero mi ∈ Z such that
midi is in oF (Theorem 6.5, p.77 in [10]). Set m = m1 · · ·mn, and let Ψ be the flow
generated by
XΨ =
n∑
i=1
mdi
∂
∂θi
.
Then Ψ is scale equivalent to ψ, and hence Ψ is F -algebraic and MΨ = Mψ. Let
ω1, . . . , ωn be a Z-basis for oF . Since each mdi is in oF , there are bij ∈ Z such that
n∑
j=1
bijωj = mdi for i = 1, . . . , n.
Since the sets {ω1, . . . , ωn} and {md1, . . . ,mdn} are Q-bases for F , the matrix
B = (bij) is in GL(n,Q) ∩M(n,Z). Thus the flow φ generated by
Xφ =
n∑
i=1
ωi
∂
∂θi
is smoothly semiconjugate to Ψ by the surjection V ∈ C∞(T n) induced by B. Since
φ is F -algebraic, Mφ = o
∗
F (Theorem 3.4 in [3]), and MΨ ⊂ o∗F (Theorem 3.8 in
[3]), it follows by Theorem 3.2 that Mψ =MΨ is a finite index subgroup of o
∗
F . 
Corollary 3.4. If a quasiperiodic flow ψ on T n is F -algebraic, then
Sψ ∼= T n ⋊Γ o∗F .
Proof. The group Mψ is a finite index subgroup of o
∗
F by Theorem 3.3. Hence Mψ
is isomorphic to o∗F . In Sψ = ρ
−1
ψ ({1})⋊Γ Hψ, the subgroup Hψ is isomorphic to
Mψ, and ρ
−1
ψ ({1}) is isomorphic to T n. 
Example 3.5. Let F = Q(δ) where δ is a real root of an irreducible polynomial
l(z) of degree n in Q[z] for an n ≥ 2, and let ψ be the quasiperiodic flow on T n
whose generating vector field is
Xψ =
n∑
i=1

 n∑
j=1
cijδ
j

 ∂
∂θi
for C = (cij) ∈ GL(n,Q). Although the components of Xψ may not form a Z-basis
for oF , they form a Q-basis for F , so that ψ is F -algebraic for any C. Theorem 3.3
then guarantees that Mψ is a finite index subgroup of o
∗
F for any choice of C. This
gives the existence of multipliers of ψ other than ±1, which multipliers in general
are computationally difficult to find especially when a generating set for o∗F is not
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known. The flow generated by Xψ for C = I (the identity matrix) and the flow
generated by Xψ for C ∈ GL(n,Q) \GL(n,Z) are not smoothly conjugate but have
multipliers groups that may be different finite index subgroups of o∗F . However, by
Corollary 3.4, the group structure of Sψ for any C in GL(n,Q) is that of T
n⋊Γ o
∗
F ,
in which o∗F is isomorphic to Z2 × Z× · · · × Z for r1 + r2 − 1 factors of Z where r1
is the number of real roots of l(z) and r2 is the number of complex conjugate pairs
of roots of l(z).
The converse of Corollary 3.4 is false even if the converse of Theorem 3.3 (and
hence Conjecture 2.3) is valid. The group structure Sψ ∼= T n⋊Γ o∗F for a quasiperi-
odic flow ψ on T n does not imply that ψ is F -algebraic because there is always a
real algebraic number field K of degree n over Q which is different from F such that
o
∗
F
∼= o∗K , so that ψ could be K-algebraic instead of F -algebraic. However, there
are no known examples in which Sψ ∼= T n ⋊Γ o∗F and ψ is transcendental. Such
examples could not exist if the converse of Theorem 3.3 were valid.
The idea behind proving that Mψ = {1,−1} for a quasiperiodic flow implies the
transcendentality of ψ is to suppose that the implication is not true and reach a
contradiction with Theorem 3.3.
Theorem 3.6. Suppose ψ is a quasiperiodic flow on T n. If Mψ = {1,−1}, then ψ
is transcendental.
Proof. Suppose that Mψ = {1,−1}. If ψ is F -algebraic for a real algebraic number
field F of degree n over Q, then Mψ has to be a finite index subgroup of o
∗
F by
Theorem 3.3. But the set {1,−1} is an infinite index subgroup of o∗F . Therefore, ψ
is transcendental. 
Corollary 3.7. Suppose ψ is a quasiperiodic flow on T n. If Sψ ∼= T n ⋊Γ Z2, then
ψ is transcendental.
Proof. In Sψ = ρ
−1
ψ ({1}) ⋊Γ Hψ , the subgroup Hψ is isomorphic to Sψ/ρ−1ψ ({1}),
and hence to Z2. Since Mψ is isomorphic to Hψ and since {1,−1} is the only
subgroup of R∗ isomorphic to Z2, it follows that Mψ = {1,−1}. Theorem 3.6 then
implies that ψ is transcendental. 
The converse of Corollary 3.7, that ψ being transcendental implies Sψ ∼= T n⋊ΓZ2,
would be valid if the converse of Theorem 3.6 (and hence Conjecture 2.6) were valid.
There are no known examples where ψ is transcendental and Mψ 6= {1,−1}. No
such examples could exist if the converse of Theorem 3.6 were valid. There is ample
evidence that the converse of Theorem 3.6 is valid, as illustrated next.
Example 3.8. Let γ be a real transcendental number, and let ψ be the flow on T n
for an n ≥ 2 whose generating vector field is
Xψ =
n∑
i=1

 n∑
j=1
cijγ
j

 ∂
∂θi
for C = (cij) ∈ GL(n,Q). The arguments used in Example 2.5 apply to ψ to show
that ψ is a quasiperiodic flow that is transcendental and Mψ = {1,−1} for any
choice of C. Thus, Sψ ∼= T n ⋊Γ Z2 for any C. The flow generated by Xψ for
C = I and the flow generated by Xψ for C ∈ GL(n,Q) \GL(n,Z) are not smoothly
conjugate. These flows show thatMψ and Sψ are incomplete as invariants of smooth
conjugacy on the collection of quasiperiodic flows.
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4. Validity of Conjectures on T 2
It is shown for a quasiperiodic flow ψ on T 2 thatMψ being a finite index subgroup
of o∗F implies ψ is F -algebraic, and that transcendentality of ψ implies Mψ =
{1,−1}. The relationship between the existence of multipliers other than ±1 and
the frequencies of ψ (Theorem 2.1 in [1]) will play a key role in the proof, and is
restated here.
Theorem 4.1. Suppose Xψ = d1∂/∂θ1+ d2∂/∂θ2 is the generating vector field for
a quasiperiodic flow ψ on T 2. If Mψ \ {1,−1} 6= ∅, then d2/d1 is the root of an
irreducible quadratic polynomial in Q[z].
The idea behind the proof that the finite index ofMψ as a subgroup of o
∗
F implies
ψ is F -algebraic is to use Theorem 4.1 to define a real quadratic number field K for
which ψ is K-algebraic, and then to show that F = K. The validation of Conjecture
2.3 for quasiperiodic flows on T 2 then follows.
Lemma 4.2. If ψ is a quasiperiodic flow on T 2 generated by
Xψ = d1
∂
∂θ1
+ d2
∂
∂θ2
for which Mψ \ {1,−1} 6= ∅, then ψ is K-algebraic for K = Q(d2/d1).
Proof. Quasiperiodicity of ψ implies that d1 6= 0 and d2 6= 0. By Theorem 4.1,
the ratio d2/d1 is a root of an irreducible quadratic polynomial in Q[z]. Thus
K = Q(d2/d1) is a real quadratic number field. Since for ϑ = 1/d1 ∈ R∗, the set
{ϑd1, ϑd2} = {1, d2/d1} is a Q-basis for K, it follows that Xψ is K-algebraic. 
Theorem 4.3. Suppose ψ is a quasiperiodic flow on T 2, and F is a real quadratic
number field. If Mψ is a finite index subgroup of o
∗
F , then ψ is F -algebraic.
Proof. Let F = Q(δ) be a real quadratic number field. LetXψ = d1∂/∂θ1+d2∂/∂θ2.
If Mψ is a finite index subgroup of o
∗
F , then Mψ \ {1,−1} 6= ∅. By Lemma 4.2, the
quasiperiodic flow ψ is K-algebraic where K = Q(d2/d1). Choose α ∈Mψ \{1,−1}.
By the third necessary condition on the multiplier group of a quasiperiodic flow,
there are integers b11 and b12 such that
α = b11 + b12
d2
d1
.
Since Mψ ∩ Q = {−1, 1}, it follows that b12 6= 0. On the other hand, since Mψ ⊂
o
∗
F ⊂ F and since F has {1, δ} as a Q-basis, there are u1, u2 ∈ Q such that
α = u1 + u2δ.
Again, since Mψ ∩Q = {1,−1}, it follows that u2 6= 0. The quantities d2/d1 and δ
are then related by
u1 + u2δ = b11 + b12
d2
d1
.
Since b12 6= 0 and u2 6= 0, this relationship between d2/d1 and δ implies that
d2/d1 ∈ F and that δ ∈ K. But F is the smallest subfield of R that contains Q∪{δ},
so that F ⊂ K. Also, K is the smallest subfield of R containing Q ∪ {d2/d1}, so
that K ⊂ F . Therefore F = K, and ψ is F -algebraic. 
Corollary 4.4. Suppose that ψ is a quasiperiodic flow on T 2, and that F is a real
quadratic number field. Then ψ is F -algebraic if and only if Mψ is a finite index
subgroup of o∗F .
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Proof. Combine Theorems 3.3 and 4.3. 
The idea behind the proof that transcendentality of a quasiperiodic flow ψ on
T 2 implies Mψ = {1,−1} is to use Lemma 4.2 to prove the contrapositive. The
validation of Conjecture 2.6 and the converse of Corollary 3.7 on T 2 then follows.
Theorem 4.5. If a quasiperiodic flow ψ on T 2 is transcendental, then Mψ =
{1,−1}.
Proof. Suppose thatMψ 6= {1,−1} for the quasiperiodic flow ψ generated by Xψ =
d1∂/∂θ1 + d2∂/∂θ2. By Lemma 4.2, the quasiperiodic flow ψ is K-algebraic where
K = Q(d2/d1). 
Corollary 4.6. If ψ is a quasiperiodic flow on T 2, then the following are equivalent:
(a) ψ is transcendental,
(b) Mψ = {1,−1}, and
(c) Sψ ∼= T 2 ⋊Γ Z2.
Proof. Part (a) implies part (b) by Theorem 4.5. Part (b) implies part (c) since
Sψ = ρ
−1
ψ ({1})⋊Γ Hψ where ρ−1ψ ({1}) ∼= T 2 and Hψ ∼= Mψ ∼= Z2. Part (c) implies
part (a) by Corollary 3.7. 
The validity of Conjectures 2.3 and 2.6 for quasiperiodic flows on T 2 gives a
complete catalogue of their multiplier groups which are the determining factors in
the structure of the generalized symmetry groups for these flows. This validity also
shows that the multiplier group as an absolute invariant of smooth conjugacy does
distinguish the algebraic from the transcendental quasiperiodic flows on T 2.
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